Bohr-van Leeuwen theorem in non-commutative space by Biswas, Shovon
ar
X
iv
:1
91
0.
12
00
9v
1 
 [h
ep
-th
]  
26
 O
ct 
20
19
Bohr-van Leeuwen theorem in non-commutative space
Shovon Biswasa∗
Department of Electrical and Electronic Engineering, Bangladesh University of Engineering and Technology, Dhaka
1000, Bangladesh a
Abstract
Bohr-van Leeuwen theorem has been studied in non-commutative space where the space coordinates do
not commute. It has been found that in non-commutative space Bohr-van Leeuwen theorem, in general, is
not satisfied and a classical treatment of the partition function of charged particles in a magnetic field gives
rise to non zero magnetization.
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1 Introduction
Due to the appearance of non-commutativity in string theories [1] and the observation that ordinary and non-
commutative gauge theories are equivalent [2] there have been much studies of physics on a non-commutative
space recently. For example, quantum hall effect and Landau diamagnetism in non-commutative space have been
discussed in references [3,4] and [5,9]. Hydrogen atom spectrum and Lamb shift is discussed in references [6–8].
A discussion on non-commutative quantum mechanics and non-commutative classical mechanics can be found in
references [10–15].
The non-commutative space can be characterized by the following commutation relations:
[Xˆj , Xˆk] = i~θjk
[Xj , Pk] = i~δjk
[Pj , Pk] = 0, j, k = 1, 2, 3
(1)
where {θij} is the totally antisymmetric matrix which represents the non-commutative property of the coordi-
nates on a non-commutative space. Non-commutative operators (Xˆj , Pˆj) can be expressed in terms of ordinary
coordinate and momentum operators (Xj , Pj) as [12, 16]:
Xˆj = Xj −
1
2
θjkPk, k = 1, 2, 3.
Pˆj = Pj
(2)
Here, (Xj , Pj) satisfy the usual commutation relations:
[Xj , Xk] = 0
[Xj , Pk] = i~δjk
[Pj , Pk] = 0, j, k = 1, 2, 3
(3)
It should be noted that the representations of non-commutative coordinates and momenta in terms of ordinary
ones given in (2) have non trivial impacts. For example, the Schrodinger equation in the non-commutative space
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takes the form of the ordinary one but with a shifted potential having highly non-trivial consequences [11].
Bohr-van Leeuwen theorem [17], on the other hand, is one of the very well known theorems of classical physics
stating the nonexistence of magnetism in classical statistics. When statistical mechanics and classical mechanics
are applied consistently, the thermal average of the magnetization is always zero [18]. This makes magnetism
solely a quantum mechanical effect. In this work, based on the assumption that the phase space has a symplectic
structure consistent with the rules of commutation of the non-commutative quantum mechanics given in (1),
it will be proved that Bohr-van Leuween theorem is violated when classical partition function is written with
respect to non-commutative phase space variables.
The organization of this paper is as follows. In section 2 the classical Bohr-van Leeuwen theorem is reviewed. In
section 3 the effect of non-commutivity of space coordinates on Bohr-van Leeuwen theorem is discussed.
2 Review of Bohr-van Leeuwen Theorem
As noted above the content of the Bohr–van Leeuwen theorem is the nonexistence of magnetism in classical
statistics [19]. To prove the theorem let us evaluate the classical partition function for N charged particles in the
electromagnetic field [19]
Z =
∫
d3Npd3Nx
(2pi~)3NN !
e−βH({p
(i)− e
c
A(x(i))},{x(i)}) (4)
Here H
(
{p(i) − e
c
A(x(i))}, {x(i)}
)
is the Hamiltonian which can be written as
H =
N∑
i=1
1
2m
(
p(i) −
e
c
A(x(i)
)2
+Wcoul (5)
where A is the vector potential and (i) stands for ith particle. The last term in equation (5) stands for the
Coulomb interaction of the particles with each other. If we substitute
p′(i) = p(i) −
e
c
A(x(i)) (6)
Z becomes independent of A and thus of B. With the free energy
F = −
1
β
lnZ (7)
this leads to the magnetization
M = −
∂F
∂B
= 0. (8)
Thus there can be no magnetism in classical physics.
3 Bohr-van Leeuwen Theorem in Non-commutative Space
To study Bohr-van Leeuwen theorem in non-commutative space (NCS), we assume that the passage between NC
classical mechanics and NC quantum mechanics can be realized via the following generalized Dirac quantization
condition [14, 15]
{f, g} =
1
i~
[F,G] (9)
Where (F,G) stands for the operator associated with classical observables (f, g) and {, } stands for Poisson
bracket. Using this rule we obtain from (1)
{xˆj , xˆk} = θjk
{xˆj , pˆk} = δjk
{pˆj , pˆk} = 0
(10)
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It is easy to see that the following representation of NC coordinates (xˆj , pˆj) in terms of commutative coordinates
(xj , pj) satisfies relations given in (10)
xˆj = xj −
1
2
θjkpk
pˆj = pj, j, k = 1, 2, 3.
(11)
Now following the proposal that non-commutative observable FNC corresponding to the observable F (x,p) in
commutative space can be defined by [6, 7]
FNC = F (xˆj , pˆj) (12)
we write the partition function (4) in terms of NC coordinates in non-commutative space as
ZNC =
∫
d3N pˆd3N xˆ
(2pi~)3NN !
e−βHNC({pˆ
(i)− e
c
A(xˆ(i))},{xˆ(i)}) (13)
Using the representation (11), partition function (13) in NCS can be expressed in terms of ordinary coordinates
as follows
ZNC =
∫
d3Npd3Nx
(2pi~)3NN !
e−βH({p
(i)− e
c
A(x(i)− 12 p˜(i))},{x(i)− 12 p˜(i))}) (14)
where p˜j = θjkpk. Now, since A depends on momenta in (13) one can not, in general, make a simple substitu-
tion like equation (6) to eliminate A from the partition function. Thus the partition function, in general, will be
dependent on the magnetic field B.
As an example let us calculate the partition function of N non-interacting electrons in a uniform magnetic
field on non-commutative space. Since the electrons are non-interacting the partition function on NCS for N
electrons can be written as
ZNCN =
[ZNC1 ]
N
N !
(15)
where ZNC1 is the single particle partition function in NCS given by
ZNC1 =
1
(2pi~)3
∫
e−βHNCd3pˆd3xˆ (16)
We let the magnetic field B be in the z-direction by choosing the symmetric gauge A = B(− y2 ,
x
2 , 0). For a single
electron the Hamiltonian (5) in ordinary phase space takes the form
H =
1
2m
[(
px −
eB
2c
y
)2
+
(
py +
eB
2c
x
)2]
+
p2z
2m
(17)
Following the definition given in (12) and substituting the representations (11) in the Hamiltonian (17) we express
the single particle partition function (16) in terms of ordinary coordinates and momenta as:
ZNC1 =
1
(2pi~)3
∫
d3pd3xe
−β
{
1
2m
[
(γpx− eB2c y)
2
+(γpy+ eB2c x)
2
]
+
p2z
2m
}
(18)
where γ = 1− eBθ4c and c is the velocity of light. We have assumed non-commutivity in XY plane only. It should
be noted that similar expressions have been found for the non-commutative Hamiltonian appearing inside the
curly braces in equation (18) in references [3, 5] using star product definition. Performing the integration we
obtain
ZNC1 =
V
γ2λ
(19)
where V is the volume and λ = h√
2mpikBT
is the thermal de Broglie wavelength. Thus the N particle partition
function (14) becomes
ZNCN =
1
N !
(
V
γ2λ
)N
(20)
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Now through γ = 1− eBθ4c the partition function depends on the magnetic field B. Also it should be noted that
in the critical value of B = 4c
eθ
the partition function diverges. Thus the thermodynamic limit is applicable below
this value. In fact, at the critical value of B the first two quadratic momenta terms vanish in equation (18). This
system is different from the system under consideration and should be studied separately [3]. Using formulae (7)
and (8) we find the magnetization in non-commutative space to be
MNC =
2NkBTeθ
4c− eθB
(21)
Thus a non zero magnetization appears from classical Hamiltonian in non-commutative space indicating the
violation of Bohr-van Leeuwen theorem. In case we switch off θ, we have M = 0 reproducing the classical result.
Finally, using the formula for susceptibility [19] χ = − 1
V
∂2F
∂B2
, we find the expression for magnetic susceptibility
of electrons in non-commutative space
χNC = −
1
V
[
2NkBTe
2θ2
(4c− eθB)2
]
(22)
Thus electrons in a uniform magnetic field in NCS exhibit diamagnetism.
4 Conclusion
We have found that Bohr-van Leeuwen theorem is not satisfied in non-commutative space defined by symplectic
structure (10). This needs special attention because classical treatment of simplest systems can give rise to
magnetism in non-commutative space even without the introduction of a spin degree of freedom. Such a scenario
is completely absent in ordinary classical mechanics. As an example, we have analyzed the simple system of non-
interacting electrons in a uniform magnetic field in non-commutative space and found that a classical treatment
of the problem in NCS gives rise to diamagnetism of electrons. Finally, we note that the discussion presented
here can be easily be extended to non-commutative phase space where the momenta just like as coordinates do
not commute.
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